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Let M be a compact oriented and triangulated manifold of dimension 4k. If we orient each simplex, we obtain geometric bases for the chains and cochains, which are thus identified
The classical boundary and coboundary operators where r ranges over the complementary simplices of σ. This is a combinatorial analogue of the * operator on a Riemannian manifold. We are indebted to Walter Neumann for pointing out that the factor /! (4k -ΐ)! is required here for (i) below to be satisfied. However, the factor may be omitted in the statement of the theorem, because the matrix identity
shows that (ii) Identify this transformation with the cup product pairing
defining the signature of M. (Recall that the signature of a manifold with boundary is defined by this procedure using H 2k (M,dM) . Thus C` is relevant in the bounded case.) (iii) Appeal to the algebraic lemma below to obtain
We describe two ways to establish (i) and (ii). First one can directly establish (i) by a combinatorial argument and then identify * with the cup product by appealing to Whitney's discussion [4, p. 363] and [5] . This method is elementary but not completely conceptual. Perhaps a more satisfying method (and one which is useful in a variety of contexts) is to use Whitney's embedding of the cochains on a complex into the forms on the complex. where a f C interior σ*τ. The linear extension of this formula embeds cochains into the forms on the polyhedron, it commutes with d, and it yields an isomorphism between simplicial cohomology and de Rham cohomology (see [4] , [5] for real coefficients and [2] for rational coefficients).
The cup product on cohomology is represented by the exterior product of forms. For example, if σ and τ are of complementary dimensions, then ω σ A ω τ is nonzero precisely when σ and τ span a 4&-simplex η. We can calculate Proof. The signature σ(V, φ) € Z of (V, φ) is (by definition) the signature of the associated nondegenerate form (F/ker φ, φ) .
The form (Z, f) to which φ restricts on Z = ker g has the same associated nondegenerate form as (H, φ), so that
σ(H,φ) = σ(Z,ξ)eZ.
Choosing direct complements X, Y to Z, fX in V, W respectively, we can write 
